We study the effects of crystal anisotropy on optical phonon resonances in the second harmonic generation (SHG) from silicon carbide (SiC) in its Reststrahl region. By comparing experiments and simulations for isotropic 3C-SiC and anisotropic 4H-SiC in two crystal cuts, we identify several pronounced effects in the nonlinear response which arise solely from the crystal anisotropy.
The mid-infrared (mid-IR) Reststrahl spectral region of polar dielectric materials has recently attracted considerable attention due to their potential for a novel branch of nanophotonic applications based on surface phonon polaritons (SPhPs), [1] [2] [3] [4] [5] [6] which rely on optical phonon resonanances in the dielectric response. In particular, strongly anisotropic crystals such as hexagonal boron nitride show much promise for entirely novel applications based on the natural hyperbolic character of the SPhPs. [6] [7] [8] For weakly anisotropic crystals such as the hexagonal polytypes of silicon carbide (SiC), 9,10 which has been a test ground for many recent SPhP studies, 1-3 the anisotropy effects are more subtle. 11, 12 Additionally, the possibility to design hybrid surface polariton materials with artificially built-in anisotropy allows to tailor material properties for specific applications. 4, 6, 13 Considering the large class of polar dielectric materials 14 with strongly varying degree of crystal anisotropy, novel experimental methods with particular sensitivity to the anisotropic effects in the Reststrahl spectral region are highly desirable.
For the special case of SiC, previous studies of the interplay between the crystal anisotropy and optical phonons have employed linear optical techniques like reflectivity 11, 12 and Raman spectroscopy. 9 In general, nonlinear-optical techniques such as second harmonic generation (SHG) can provide valuable additional insights due to their intrinsic sensitivity to the crystal structure and symmetry, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] but have so far mostly been restricted to visible and near-IR spectral ranges. Very recently, we have introduced mid-IR SHG spectroscopy as a new experimental technique to study phonon resonances in the nonlinear-optical response, 25 allowing to combine the sensitivity of SHG spectroscopy to the crystal symmetry with the optical phonon resonance behavior in the mid-IR.
In this work, we experimentally study and theoretically describe the SHG response of different polytypes of SiC in the mid-infrared Reststrahl spectral region. We employ tunable narrowband mid-IR free-electron laser (FEL) pulses to generate the second harmonic signal in a reflective geometry. The SHG spectra of SiC typically exhibit two distinct resonance features, one being attributed to the zone-center transverse optical (TO) phonon resonance in the second order susceptibility χ (2) , and a second one in the longitudinal optical (LO) phonon range of ∼ 960 − 980 cm −1 due to resonances in the Fresnel transmission. 25 Here we compare the spectral features and azimuthal behavior of the SHG signals for isotropic 3C-SiC and anisotropic 4H-SiC crystals in two crystal cuts, and directly identify several pronounced effects arising solely from the crystal anisotropy. The most prominent feature is a very narrow and intense SHG resonance due to the zone-folded weak mode in 4H-SiC which is entirely absent for the isotropic polytype.
I. EXPERIMENT
The experimental setup and general approach of mid-IR SHG spectroscopy is described in detail elsewhere. 25 In short, the incoming FEL beam is geometrically split into two equal parts that are focused to ∼ 200 µm (fluence ∼ 10 mJ/cm 2 ) and spatially overlapped on the sample at incidence angles of ∼ 62
• and ∼ 28
• , respectively, see Fig. 1 (a) . At temporal overlap of the pulses from both beams, two-pulse correlated second harmonic radiation is generated in reflection. The SHG signal is detected with a liquid nitrogen cooled mercury cadmium telluride/indium antimony sandwich detector (Infrared Associates). Fundamental scatter contribution to the signal is minimized by short-pass spectral filtering using 5 mm thick MgF 2 . Additionally, a 7 µm long-pass filter (LOT) is used to block intrinsic harmonics generated by the FEL. Scanning the FEL wavelength using the undulator gap results in spectroscopic measurement of the SHG signal. Sample rotation about the surface normal by an angle φ at fixed FEL wavelength is used to measure the azimuthal behavior of the SHG, see Fig. 1 (a) . show schematic crystal structures of cubic 3C-SiC and hexagonal 4H-SiC, respectively. 10 Details on the IR-FEL are given elsewhere 26 . In short, the electron gun is operated at a micropulse repetition rate of 1 GHz with an electron macropulse duration of 10 µs and a macropulse repetition rate of 10 Hz. The electron energy is set to 31 MeV, allowing to tune the FEL output wavelength between ∼ 7 − 18 µm (∼ 1400 − 550 cm −1 ) using the motorized undulator gap. The cavity desynchronism is set to ∆L = 2λ, causing narrowband operation 26 with typical full-width-at-half-maximum (FWHM) of ∼ 5 cm −1 . The FEL beam is linearely polarized; polarization rotation by 90
• for one or both beams is realized by two subsequent wire-grid polarizers (Thorlabs), set to 45
• and 90
• with respect to the incoming polarization, respectively. A third polarizer is used to select a specific polarization component of the SHG signal.
The samples investigated here are semi-insulating single crystals of SiC. To study the effect of anisotropy, we use three different samples: (i) cubic 3C-SiC with the [100] crystal axis parallel to the z-axis, i.e., the surface normal, (ii) c-cut 4H-SiC with the [0001] hexagonal crystal axis, which is also the optical axis of the uniaxial crystal, parallel to z, and (iii) a-cut 4H-SiC with the optical axis in the x − y sample surface plane, see Fig. 1 .
II. THEORY
A. Anisotropy in the mid-IR linear optical response
The effects of crystal anisotropy on the linear optical response of hexagonal SiC polytypes was discussed before. 9, 11, 12 In uniaxial media, two different solutions of the wave equation exist, describing ordinary and extraordinary waves. In consequence, the resonance frequencies of the lattice, TO and LO phonon modes, depend on the propagation direction. For SiC, the resulting frequency splittings are small (∼ 10 cm The linear optical response of insulating 4H-SiC in the optical phonon spectral region is fully described by a classical dielectric function model, explicitly accounting for the crystal anisotropy effects:
where ⊥( ) is the dielectric function for electric field vectors perpendicular (parallel) to the c-axis, and ω T O,⊥( ) the respective planar (axial) phonon modes.
corresponds to the strong axial optical phonon (x = 0), and ω T O, 1 ≡ ω zf to the zone-folded weak mode (x = 1). For cubic 3C-SiC, the dielectric response is isotropic and takes the form of Eq. 1. All phonon frequencies and damping constants γ used for the calculations in this work are summarized in Tab. I. Table I . Optical phonon frequencies ω and damping constants γ (both in cm −1 ), 9,10,12 as well as high frequency dielectric constants 10 ∞ of 3C-SiC and 4H-SiC used for fitting the experimental data throughout this work.
B. Anisotropy in the SHG
The theory of mid-infrared SHG in the Reststrahl region with optical phonon resonances was introduced in a previous work. 25 Here we extend this theory to specifically discuss the effects of crystal anisotropy on the Reststrahl SHG response. We start with a general description before developing the theory for each of the three samples considered in this work.
Two tunable IR beams of frequency ω with incoming wave vectors k 
where ↔ L 1 (2) are the Fresnel transmission tensors for the two incident beams and E 1 (2) are the incident electric field vectors. For crystals lacking inversion symmetry, the surface contribution to the second order nonlinear signals is typically negligible, 27 resulting in symmetry properties of the second order nonlinear susceptibility tensor ↔ χ (2) given by the bulk crystal symmetry. The total reflected second harmonic intensity arises from projecting the nonlinear polarization onto the field direction of the reflected SH beam after considering the Fresnel transmission of the nonlinear polarization components back into air:
where e SHG defines the field direction of the SHG beam, The theoretical description of different sample orientations and azimuthal behavior requires transformation of the χ (2) tensor from the crystal frame into the laboratory frame.
The χ (2) elements expressed in the laboratory frame coordinates (x, y, z) ( Fig. 1 ) can in general be derived from the known χ (2) elements in the crystal coordinates (a, b, c) using
where (î,ĵ,k) and (l,m,n) are the basis vectors of the laboratory and crystal frame, respectively.
The theory of the χ (2) 
with χ
∞,ijk the non-resonant, high frequency second order electronic susceptibility and
is the resonant planar (axial) TO phonon frequency with damping γ i for electric fields along the i-axis of the crystal.
For tensor components involving the axial modes along the c-axis, additional contributions arise for the weak zone-folded mode, whereby here we neglect cross terms of the strong and weak axial phonons in the C 2 and C 3 expressions.
C. Isotropic 3C-SiC
For cubic 3C-SiC, the Fresnel tensor is diagonal and its components are straightforwardly derived from Maxwell's equations. The non-zero components are
with (ω) the only unique element of the diagonal dielectric tensor, k 
where c 0 is the speed of light in vacuum. 
cab .
Applying the crystal to laboratory frame transformation, Eq. 5, reveals the azimuthal behavior to exhibit a four-fold symmetry for all polarization geometries with non-zero SHG signals, 16, 17 i.e., SPP (denoting S-polarized SHG and P-polarization for both incoming beams), PPP, PSS, PSP, SSP, PPS, and SPS; only for SSS no SHG signals are expected. As an example, the expressions for the SHG intensity for the PPP, PSS, and SPP as a function of frequency and azimuthal angle φ have the following form:
D. Anisotropic 4H-SiC: c-cut (c z)
For c-cut 4H-SiC, the dielectric tensor is still diagonal, however now with xx = yy = ⊥ = zz = . Since xx = yy , no azimuthal dependence of the linear optical quantities is expected. However, the effects of the crystal anisotropy enter into the Fresnel coefficients since xx(yy) = zz , resulting in:
with k SiC z,o(e) (ω) the z-component of the wave vectors of ordinary (extraordinary) waves inside the crystal:
A noteworthy feature in Eq. 11 is the anisotropy factor ζ ≡ ⊥ / appearing in L zz , which diverges at the zero-crossing of , i.e., at the axial LO phonon frequency. In consequence, one important effect of the crystal anisotropy is a steep enhancement of the transmitted field amplitudes at this frequency.
4H-SiC has a hexagonal structure of point-group symmetry 6mm, leading to three unique non-zero elements of the χ (2) tensor and the following non-zero components:
bbc .
Due to the full symmetry between the a and b-axes in Eq. 13, no azimuthal dependence of the SHG signal is expected for c-cut 4H-SiC where the crystal to laboratory transformation is trivial. Non-zero SHG signals are expected for PSS, PPP, SPS, and SSP geometries. We here show the expressions for the SHG intensities for PSS and SPS:
The respective expression for SSP geometry has a similar form, while PPP is considerably more complex with all three unique χ (2) components entering into the formula. In
Eq. 14, the indices of the wave vector mismatch ∆k P SS and ∆k SP S account for ordinary and extraordinary wave vectors of the respective fundamental and SHG waves inside the crystal.
For the optical axis lying in the surface plane as in a-cut 4H-SiC, the azimuthal behavior of both linear and nonlinear quantities is considerably more complex than for the cases discussed above. The dielectric and the Fresnel transmission tensor are then diagonal only for the c-axis parallel to x or y in Fig. 1 (a) . In general, both, ordinary and extraordinary, rays will be excited in the sample simultaneously, leading to four combinations of beam pairs (ordinary and extraordinary from beam 1 and beam 2, respectively) generating second harmonic polarizations that interfere upon emission of the SHG wave. In consequence, the number of terms contributing to the SHG intensity, Eq. 4, is too large to be written down in a simple form comparable to Eqs. 10 or 14. The general form of the azimuthal and spectral dependence of the nonlinear polarization is given by the sum over all contributions:
In the following, we restrict the formalism to the special case of c y. Nonetheless, we also calculate the full azimuthal dependence of the SHG signals using Eq. 15 by employing the general Fresnel transmission formalism derived by Lekner 33 and the general form of the crystal to laboratory transformation of the χ (2) tensor, Eq. 5.
For the special case of c y, the Fresnel coefficients take a form similar to Eqs 7 and 11:
where k For c y, Eq. 5 yields the following non-zero components of the laboratory frame χ (2) tensor:
leading to non-zero SHG signal expected for SPP, SSS, PSP, and PPS polarization geometries (exactly complementary to the c-cut geometries with non-zero SHG signals). As an example, the SHG intensities for SPP and SSS are
III. EXPERIMENTAL RESULTS
A. Isotropic 3C-SiC
In Fig. 2 we show the experimental SHG spectra for polarization geometries PPP and PSS (a,b), as well as azimuthal scans for PPP and SPP geometries (c,d) for 3C-SiC. In the spectra, two SHG resonance features are observed at the fundamental zone-center optical phonon frequencies ω T O and ω LO , respectively, similar to previous results. 25 The former at the TO phonon is due to the resonance in the nonlinear susceptibility χ (2) , while the latter originates from a resonance in the Fresnel transmission at the LO phonon frequency where is nearly zero. 25 The solid lines in Fig. 2 are the result of a global fit of the coefficients respectively. The data clearly show the four-fold symmetry for both, as well as a phase shift of π/4 between the two geometries as expected for the zincblende crystal structure 16, 17 and predicted by Eq. 10, where I P P P (2ω) ∝ | sin(2φ)| 2 and I SP P (2ω) ∝ | cos(2φ)| 2 . Within signal-to-noise, we observe no isotropic contribution to these data, indicating that the signals are dominated by the bulk nonlinear response with no significant surface SHG signals.
16,17
B. Anisotropic 4H-SiC: c-cut (c z)
We now turn the attention to the SHG response of c-cut 4H-SiC which is summarized in Fig. 3 , where a frequency splitting between the axial and planar phonon resonances is expected. Due to the hexagonal crystal symmetry, no azimuthal variation of the SHG is factor ζ = ⊥ / in the z-component of the Fresnel factor L zz in Eq. 11. The feature disappears for PSS geometry, where no z-components of the driving laser fields are involved.
Here, we instead observe a spectrally shifted and softened double resonance, corresponding to spectral positions of the maxima of L yy for the two incidence angles. 25 The weak highenergy shoulders clearly observable at ω ∼ 980 cm −1 in Fig. 3 (a,c,d ) have the same origin.
In the TO phonon frequency region of 780 − 800 cm −1 , resonant SHG enhancement is observed only for PPP and PSS geometries while it is largely suppressed for SPS and SSP.
This can be understood by considering the anisotropy of the χ (2) dispersion Eq. 6, i.e., the different resonance terms entering into each of the χ (2) tensor elements, cf. Fig. 5 (b) for the χ (2) dispersion extracted from a global fit to our measurements. Both PSS and PPP have a strong contribution from χ (2) caa which involves second order incoming planar TO resonances 1/D ⊥ (ω) in the second and third term of Eq. 6. These quadratic resonance terms are missing for χ (2) aca which is the sole tensor element contributing to SPS and SSP. Here, ccc at the axial phonon frequency should contribute to the signal. However, here the SHG is again suppressed due to the pronounced antiresonance in the Fresnel factor L zz , see Fig. 5 (d) , also entering quadratically into the SHG response. Similar compensation effects suppress the SHG at ω T O, for SPS and SSP, while no enhancement of χ (2) is expected for PSS at this frequency.
This situation changes drastically for a-cut 4H-SiC. Experimental SHG spectra for c y and azimuthal scans at ω T O, and ω T O,⊥ are shown in Fig. 4 . Strikingly, the SHG spectra for SSS polarization geometry, Fig. 4 (a) , now clearly exhibits a resonance when driving the axial TO phonon at ω T O, = 784 cm −1 . Additionally, an even more intense and narrow SHG resonance is observed at ω zf = 838 cm −1 , i.e., when exciting the zone-folded weak mode of 4H-SiC. In fact, according to Eq. 18 only χ (2) ccc contributes to the SHG signal, making this measurement uniquely sensitive to axial resonances of the crystal. The large SHG signal at the weak mode frequency is surprising at first, since the oscillator strength of this mode is much lower as compared to the strong TO modes, i.e., one would also expect a weaker χ (2) resonance. However, the Fresnel suppression acting on the strong phonon resonances is essentially absent for the zone-folded mode. This is because the amplitude of theresonance at ω zf is much smaller than the large negative permittivity offset in the middle of the Reststrahl. In consequence, the smaller yet full amplitude of the χ (2) -resonance is carried over to the SHG signals for this weak mode.
The SHG spectrum for SPP geometry, on the other hand, is sensitive only to planar phonons, as evidenced by a single SHG resonance at ω T O,⊥ = 797 cm −1 . By inspection of Eq. 18, only χ
caa contributes to the SHG signal for this geometry, i.e., all incoming resonance terms of χ (2) caa in Eq. 6 occur at ω T O,⊥ . None of the SHG spectra of the a-cut 4H-SiC sample show any resonances in the LO frequency region, which we attribute to graphite contamination of the sample surface.
The azimuthal shapes exhibit a two-fold symmetry as the optical axis is rotated about the surface normal. We observe two unique and complementary azimuthal patterns exemplified In contrast, when tuning the FEL to the planar TO resonance at ω T O,⊥ = 797 cm −1 we observe very similar azimuthal patterns for the same SSS and SPP geometries, see Fig. 4 (e) and (f). However, this can be understood quite easily by interpreting these data as a superposition of the two unique patterns, cf. 
IV. DISCUSSION AND CONCLUSION
In the previous sections, we have identified multiple pronounced effects of the crystal anisotropy on the SHG response of SiC which are summarized in Fig. 5 . Here, we compare the dispersion of the two important ingredients of the nonlinear-optical response in Eq. 3,
i.e., the nonlinear susceptibility χ (2) and the local field factors represented by the Fresnel transmission L, for cubic and hexagonal SiC. For χ (2) , the change of the point group symmetry,43m to 6mm, increases the number of unique non-zero elements of the tensor from one to three. At the same time, the anisotropy in the phonon frequencies, planar vs. axial, results in significantly different dispersions of these three tensor elements. For incoming resonances at ω, χ
caa and χ (2) ccc uniquely carry information on the planar and axial phonon resonances, respectively, while χ (2) aca is essentially a coupling term that only contributes to the SHG signal if both unique crystal axes provide a resonant response. We here do not investigate outgoing resonances, 19 i.e., for ω ≈ ω T O /2, where also χ (2) caa is expected to be sensitive to axial phonon resonances.
A surprisingly strong anisotropic effect is observed in the Fresnel factors, cf. Fig. 5 (c) and (d), where we compare the calculations for 3C-SiC and c-cut 4H-SiC, respectively. While the in-plane local fields described by L xx and L yy are essentially identical for both crystals, a pronounced anisotropic feature appears in L zz at ω LO, for 4H-SiC. The anisotropy factor ζ = ⊥ / in Eq. 11 essentially results in a divergence and prominent enhancement of the fields inside the crystal when excited at this frequency. The experimental SHG spectra are very sensitive to this effect, exhibiting a sharp and intense peak at this resonance whenever L zz is involved in the signal generation.
In the work presented here, the use of different crystal orientations, i.e., c-cut and a-cut 4H-SiC, allowed to clearly bring out the different anisotropy effects which are otherwise hidden due to counteracting χ (2) enhancement and Fresnel suppression mechanisms. Most importantly, it was possible to find a suitable combination of sample and polarization geometry to clearly separate the anisotropic features in the nonlinear response, while the azimuthal behavior at different resonance positions facilitates identification as well as quantitative comparison of these contributions. As a consequence, we were able to observe a strong SHG resonance feature at the zone-folded weak mode of 4H-SiC, cf. Fig. 4 (a), which in fact dominates the SHG spectra in these cases. We note that the latter result is quite promising since it allows to observe strong nonlinear signals from weak or dilute oscillators, as long as they are spectrally contained in the Reststrahl. This is owing to the large negative permittivity in the Reststrahl, essentially disabling the Fresnel suppression acting on the strong phonon resonances, and thereby enhancing the SHG signal particularly for weak oscillators.
Overall, we find that mid-IR SHG spectroscopy is an excellent tool to investigate and identify even subtle effects due to the crystal anisotropy with high sensitivity. The special cases we outlined can be generalized to successfully implement nonlinear-optical experiments in other Reststrahl materials, which often exhibit pronounced effects due to crystal anisotropy. In fact, the procedure presented here is directly applicable to other materials with the same 6mm point group symmetry, as for instance all crystals occurring in the wurtzite structure such as AlN, ZnO, CdSe, and ZnTe, to name a few. All these crystals are also polar dielectrics with a Reststrahl region, and are often very efficient nonlinear materials. Similar recipes are expected to be applicable to uniaxial crystals of different symmetries such as α-SiO 2 . In more general terms, it may be possible to specifically design artificial materials in order to actively enhance the nonlinear-optical response at specific anisotropic resonances. In fact, recent experiments show resonant interactions between sub-diffractional, localized surface phonon polaritons and zone-folded weak modes in SiC nanopillars resulting in a strong enhancement of the SHG response.
34
In summary, we studied the effects of crystal anisotropy on the SHG response of SiC in its mid-IR Reststrahl spectral region. We find distinct features in the signals that, with the help of the theoretical model developed here and by comparison of the experimental results of isotropic and anisotropic SiC samples of different crystal cuts, can be assigned to originate only from the crystal anisotropy. We experimentally verify the planar and axial phonon resonances appearing selectively in the dispersion of the corresponding tensor components of the nonlinear susceptibility χ (2) , including a pronounced resonance at the zone-folded weak phonon frequency in χ
ccc . Similarly, we identify an anisotropy factor ζ = ⊥ / in the Fresnel transmission which leads to a steep enhancement of the local field amplitudes spectrally locked to the axial LO frequency. The same behavior is expected for the large material class of wurtzite-type dielectrics. The anisotropic resonances can be utilized to selectively enhance the nonlinear-optical response, for instance using surface phonon polaritons in anisotropic polar dielectrics.
